We extend the concept of Segre's Invariant to vector bundles on a surface X. For X = P 2 we determine what numbers can appear as the Segre Invariant of a rank 2 vector bundle with given Chern's classes. The irreducibility of strata with fixed Segre's invariant is proved and its dimensions are computed. Finally, we present applications to the Brill-Noether's Theory for rank 2 vector bundles on P 2 .
Introduction
We work over the field of complex numbers C. Given a coherent sheaf F on a variety X we write H i (F ) instead of H i (X, F ) and h i (F ) for the corresponding dimension.
Let C be a non-singular irreducible complex projective curve of genus g. Let E be a vector bundle of rank n and degree d over C. For any integer m, 1 ≤ m < n the m−Segre invariant is defined by S m (E) := min{m. deg E − n. deg F } where the minimum is taken over the subbundles F of E of rank m. This invariant induces a stratification of the moduli space M(n, d) of stable vector bundles of rank n and degree d over C. This stratification has been studied by several authors (see for instance [8] , [9] , [2] and [17] ) in order to get topological and geometric properties of M(n, d).
Given a non-singular, projective surface X, the moduli space M X (n, c 1 , c 2 ) of rank n vector bundles with Chern classes c 1 and c 2 was constructed by Maruyama [14] . However, relatively little is known about its geometry and subvarieties. The aim of this paper is to define the Segre invariant for rank 2 vector bundles on surfaces, with emphasis in the case X = P 2 . Since this invariant defines a semicontinuous function on the families of vector bundles of rank 2 on X, we get a stratification of the moduli space M P 2 (2; c 1 , c 2 ) into locally closed subvarieties M P 2 (2; c 1 , c 2 ; s) of vector bundles with fixed Segre's invariant s. Section 2 introduces the Segre invariant on surfaces and collects a number of results that will be subsequently used. Section 3 is the core of the paper. The main issue is to determine what numbers can appear as the Segre invariant of a vector bundle on P 2 with fixed characteristic classes. The answer is given by:
(1) Let c 2 ≥ 2 and k ∈ N. Then a vector bundle E ∈ M P 2 (2, 0, c 2 ) with S(E) = 2k
exists if and only if k 2 + k ≤ c 2 . Furthermore, E fits in an exact sequence:
with Z ⊂ P 2 of codimension 2, and O P 2 (−k) ⊂ E maximal. (2) Let c 2 ≥ 1 and k ∈ N. Then a vector bundle E ∈ M P 2 (2, −1, c 2 ) with S(E) = 2k−1 exists if and only if k 2 ≤ c 2 . Furthermore, E fits in an exact sequence:
with Z ⊂ P 2 of codimension 2, and O P 2 (−k) ⊂ E maximal.
The idea of the proof is to apply Serre's construction in order to obtain the desired extension and then to show that the line sub-bundle O P 2 (−k) is, indeed, maximal. Note that, since Segre's invariant is invariant under tensor product with line bundles, it is sufficient to consider rank 2 vector bundles with c 1 (E) = 0, −1.
Theorem 3.1 states in particular that the elements of M P 2 (2; c 1 , c 2 ; s) are parameterized by extensions of stable vector bundles. Thus, the dimension of the stratum is obtained by "counting parameters" of such extensions. This idea is formalized in Section 4, the precise statement being: (1) Let c 2 ≥ 2, k ∈ N such that k 2 + k ≤ c 2 . Then M P 2 (2; 0, c 2 ; 2k) is an irreducible variety of dimension:
is an irreducible variety of dimension:
Next, observe that the morphism:
leads immediately to the existence of a global section of E(−k). Thus, Segre's invariant is naturally related to the existence of vector bundles admitting at least a section. This is a first connection with Brill-Noether Theory. Section 5 is devoted to investigate such connection. The main result is:
(1) Let r, c 2 , k be integer numbers satisfying r 2 + 2 ≤ c 2 and k < r. Then, a vector bundle E ∈ M P 2 (2; 2r, c 2 , 2k) exists such that h 0 (E) ≥ (r − k) 2 + 4(r − k) + 3. (2) Let r, c 2 be integer numbers satisfying r 2 − r + 1 ≤ c 2 . Then, a vector bundle
We finish the paper by computing a lower bound for the dimension of these Brill-Noether's varieties. As a consequence of our results, the existence of nonempty Brill-Noether's locus with negative Brill-Noether number can be deduced.
Segre invariant of vector bundles on Surfaces
We start this section by recalling the main results about vector bundles on surfaces that shall be use in the sequel. For a further treatment of the subject see [5] and [13] .
Let X be a smooth, irreducible complex projective surface and let H be an ample divisor on X. Let E be a torsion free coherent sheaf on X with fixed Chern classes 
Let E be a coherent sheaf on X. The dual of E is the sheaf E ∨ = Hom(E, O X ). If the natural map E −→ E ∨∨ of E to its double dual is an isomorphism, we say that E is reflexive. In particular, any locally free sheaf is reflexive. For more details related to reflexive sheaves see [11] .
if for all proper subbundle F , we have µ H (F ) < µ H (E) (resp. ≤). Indeed, let F ⊂ E be a proper subsheaf, hence F is free torsion and a canonical embedding exits F → F ∨∨ which fits in the following diagram:
Since F ∨∨ is a reflexive sheaf and c 1 (F ) = c 1 (F ∨∨ ), it follows that E is H-stable (resp. H-semistable) if for any proper reflexive sheaf F we have µ H (F ) < µ H (E) (resp. ≤). Moreover, since the singular points of reflexive sheaf F has codimension greater than two, this implies that F is a vector bundle.
The following lemma allows to establish a relationship between line subbundles of E and extensions. 
where L ′ ⊗I Z is torsion free and I Z denote the ideal sheaf of a subscheme Z of codimension 2. Note that
where l(Z) denote the length of Z. Now, we extend the concept of Segre's invariant for vector bundles on curves to vector bundles of rank 2 on surfaces. Proof. Let L 1 , L 2 be such that an exact sequence:
From the stability of L 2 ⊗ I Z it follows that:
The term invariant is used because S H (E) = S H (E ⊗L) for any line bundle L ∈ P ic(X).
The Segre invariant induces a stratification of the moduli space of vector bundles: Lemma 2.6. Let H be an ample divisor on X and let T be a variety. Let E be a vector bundle of rank 2 on X × T . The function
is lower semicontinuous.
Proof. The semicontinuity follows as a slight generalization of the openness property of stability for which the same proof works (see [14, Theorem 2.8 ])
The moduli space of H-stable vector bundles with fixed Chern classes c 1 and c 2 on X were constructed in the 1970's by Maruyama (see [15] ). We shall denote the moduli space of H−stable vector bundles of rank n and Chern classes c 1 and c 2 on X by M X,H (n; c 1 , c 2 ). In case X is a rational surface the dimension of moduli of rank 2 vector bundles is
Segre Invariant for rank 2 vector bundles on P 2
In this section we study the Segre invariant for vector bundles of rank 2 on P 2 , in this case a uniquely determined integer number k E exists such that c 1 (E ⊗O P 2 (k E )) ∈ {−1, 0}. Namely
Since S(E) = S(E ⊗ L) for any line bundle L on P 2 , in the remainder of this section we assume that E has degree c 1 ∈ {−1, 0} and second Chern class c 2 . Furthermore, by stability we mean stability with respect to O P 2 (1). In fact as P ic (P 2 ) ∼ = Z, there is a unique notion of stability for P 2 . Let F be a vector bundle on P 2 , by abuse of notation we will use c 1 (F ) to denote the degree of F with respect to O P 2 (1) and we write S(E) to denote the Segre invariant of the vector bundle E of rank 2 on P 2 .
The following theorem is the main result of this paper. It gives necessary and sufficient conditions for the existence of a stable vector bundle E of rank 2, degree c 1 = 0 and S(E) = 2k (resp. c 1 = −1 and S(E) = −1 + 2k).
exists if and only if k 2 ≤ c 2 . Furthermore, E fits in an exact sequence:
We need some auxiliary results: Serre's construction provides a method for constructing rank two vector bundles on a surface X (see [13, Chapter 5] for more details): Theorem 3.3. [13, Theorem 5.1.] Let Z ⊂ X be a local complete intersection of codimension two in the projective non-singular surface X, and let L and M be line bundles on X. Then there exists an extension
such that E is locally free if and only if the pair (L −1 ⊗ M ⊗ ω X , Z) satisfy the Cayley-Bacharach property:
In particular, (O P 2 (d − 2), Z) satisfies (CB).
Proof. Suppose that h 0 (O P 2 (d − 2) ⊗ IZ) = 0 and let C 1 be one of its elements different from zero. Consider the map
which is lineal and injective. Since h 0 (O P 2 (2) ⊗ I p ) = 5 we obtain a contradiction.
Proof. Proof of Theorem 3.1 
exists where E is locally free and has Chern classes c 1 (E) = 0 and c 2 (E) = c 2 . Moreover, since Z is not contained in any curve of degree 2k − 1 it follows that
Since l < k it follows that:
This implies that O P 2 (−l) is not a subbundle of E and thus O P 2 (−k) is maximal. Conversely, assume that a rank 2 bundle with Chern classes c 1 (E) = 0, c 2 (E) = c 2 < k 2 + k and S(E) = 2k exists. Therefore, we have an exact sequence
From the exact sequence (3.2) we have:
which induces the long exact sequence:
The proof is quite analogous to the proof of (1): taking Z ⊂ P 2 a local complete intersection of codimension 2 with length l(Z) = c 2 + k 2 − k such that Z is not contained in any curve of degree 2k − 2 with k = 1 and noting that
, Z) satisfies Cayley-Bacharach and we conclude as in (1). For the converse, we can proceed analogously to the proof of (1) by noting that l(Z) < h 0 (O P 2 (2k − 2)) and in consequence h 0 (O P 2 (2k − 2) ⊗ I Z ) = 0. Corollary 3.5.
(1) Let r, c 2 be integer numbers and k ∈ N such that c 2 ≥ r 2 + 2. Then a vector bundle E ∈ M P 2 (2, 2r, c 2 ) with S(E) = 2k exists if and only if
(2) Let r, c 2 be integer numbers and k ∈ N such that c 2 ≥ r 2 + 1. Then a vector bundle
Furthermore, E fits in an exact sequence
Proof. The proof follows from Theorem 3.1, the fact S(E(−r)) = S(E), and the formulas
In this section we use the Segre invariant to induce a stratification of the moduli space M P 2 (2; c 1 , c 2 ) of stable vector bundles of rank 2 and Chern classes c 1 and c 2 on P 2 . If c 1 = 0 and c 2 is odd (resp. c 1 = −1 and c 2 even) Le Potier (see for instance [10, Theorem 14.6.2]) has shown that there exists an universal family E parameterized by M P 2 (2; 0, c 2 ) (resp. M P 2 (2; −1, c 2 )). If c 1 = 0 and c 2 is even (resp. c 1 = −1 and c 2 odd) working locally in theêtale topology we can assume that there is a family E parameterized by M P 2 (2; 0, c 2 ) (resp. M P 2 (2; −1, c 2 )).
Let E be a family of rank 2 vector bundles on P 2 parameterized by M P 2 (2; c 1 , c 2 ). By Theorem 2.6, the function S : M P 2 (2; c 1 , c 2 ) −→ Z induces a stratification of M P 2 (2; c 1 , c 2 ) into locally closed subsets
according to the value of s. Without loss of generality we can assume that if c 1 = 0 (resp. c 1 = −1) then s = 2k for some k, 0 < k 2 + k ≤ c 2 (resp. s = −1 + 2k for some k, k 2 ≤ c 2 ). (1) Let c 2 ≥ 2, k ∈ N such that k 2 + k ≤ c 2 . Then M P 2 (2; 0, c 2 ; 2k) is an irreducible variety of dimension:
is an irreducible variety of dimension
Proof. We only prove (1), the proof of (2) being quite analogous. Let c 2 ≥ 2, k ∈ Z such that k 2 + k ≤ c 2 . Let Hilb l (P 2 ) be the Hilbert scheme of zero-dimensional subschemes of length l = c 2 + k 2 on P 2 and let I Z l be the ideal sheaf of the universal subscheme Z l in P 2 × Hilb l (P 2 ). Let O P 2 (−k), O P 2 (k) be line bundles on P 2 . Let p 1 , p 2 be the projections of P 2 × Hilb l (P 2 ) on P 2 and Hilb l (P 2 ) respectively. Consider on P 2 × Hilb l (P 2 ) the sheaf
). Taking higher direct image we obtain on Hilb l (P 2 ) the sheaf:
. From the semicontinuity Theorem [12, Theorem 12.8] we have that the set:
is an open set of Hilb l (P 2 ) which is non-empty by Theorem 3.1. Restricting the sheaf
Consider on H the sheaf:
). By [7, Lemma 3.2] there exists an exact sequence:
Define the set U := {p ∈ PΓ : E |p is stable and S(E p ) = 2k}.
From Theorem 3.1, the lower semicontinuity of the function S and the fact that stability is an open condition we conclude that the set U is non-empty and open in PΓ. Restricting the sequence (4.1) to P 2 × U we have, from the universal property of the moduli space
where f s (U) is precisely the stratum M P 2 (2; 0, c 2 ; 2k). Hence, M P 2 (2; 0, c 2 ; 2k), being the image of an irreducible variety under a morphism is irreducible.
We can now determine the dimension of
Since H is an open set of Hilb l (P 2 ) we have:
We now compute the values of dim Ext 1 (O P 2 (k) ⊗ I Z , O P 2 (−k)) and dim PH 0 (E(k)),
where Z ∈ H.
Note that by Serre duality Ext
By the exact sequence
because Z ∈ H and therefore:
Now, we compute h 0 (E(k)). Since E ∈ M P 2 (2; 0, c 2 ; 2k) it can be written in an extension
from which we get:
It follows that for Z ∈ H general:
Replacing (4.3) and (4.5) in (4.2) we have
which proves the theorem. (1) Let c 2 , r ∈ Z and k ∈ N such that r 2 + k 2 + k ≤ c 2 . Then M P 2 (2; 2r, c 2 ; 2k) is an irreducible variety of dimension
(2) Let c 2 , k ∈ N and r ∈ Z such that
Proof. For (1), since S(E) = S(E ⊗ O P 2 (−r)), it follows that the map
is an isomorphism. Part (2) follows analogously. (1) Let c 2 ≥ r 2 + 2 and k ∈ N the only integer such that r 2 + k 2 + k ≤ c 2 ≤ r 2 + k 2 + 3k + 1. Then the stratum M P 2 (2; 2r, c 2 ; 2k) has the same dimension as the moduli space M P 2 (2; 2r, c 2 ).
(2) Let c 2 ≥ r 2 −r+1 and k ∈ N the only integer such that r 2 −r+k 2 ≤ c 2 ≤ r 2 +k 2 +2k.
Then the stratum M P 2 (2; 2r − 1, c 2 ; −1 + 2k) has the same dimension as the moduli space M P 2 (2; 2r − 1, c 2 ) Remark 4.4.
(1) The uniqueness of the number k satisfying the above inequalities follows by elementary considerations. It is, indeed, equal to the largest k such that r 2 + k 2 + k ≤ c 2 in (1) and such that r 2 − r + k 2 ≤ c 2 in part (2).
(2) It follows by semicontinuity that the stratum with maximal dimension is an open set in the moduli space of stable vector bundles.
Applications to Brill-Noether Theory
In this section, we use the previous results to study the non-emptiness of some Brill-Noether loci in the moduli space M P 2 (2; c 1 , c 2 ) of stable vector bundles of rank 2 and fixed Chern classes c 1 and c 2 on P 2 .
For any t ≥ 0 the subvariety of M P 2 (2; c 1 , c 2 ) defined as
is called the t−Brill-Noether locus of the moduli space M P 2 (2; c 1 , c 2 ) (or simply Brill-Noether locus if there is no confusion).
The following theorem yields information about the variety W t (2; c 1 , c 2 ), in particular shows that W t (2; c 1 , c 2 ) is a determinantal variety and give a formula for the expected dimension. It was proved by Costa and Miro-Roig in [3] for every smooth projective variety of dimension n.
Theorem 5.1. [3, Corollary 2.8] Let M P 2 (2; c 1 , c 2 ) be the moduli space of stable vector bundles of rank 2 on P 2 with fixed Chern classes c 1 , c 2 . Then, for any t ≥ 0, there exists a determinantal variety
Moreover, each non-empty irreducible component of W t (2; c 1 , c 2 ) has dimension greater or equal to the Brill-Noether number on P 2
whenever W t (2; c 1 , c 2 ) = M P 2 (2; c 1 , c 2 ).
The following result allows to establish a relationship between the Brill-Noether locus W t (2; c 1 , c 2 ) and the different strata M P 2 (2; c 1 , c 2 ; s). (1) Let E ∈ M P 2 (2; 2r, c 2 ; 2k). Then E / ∈ W 1 (2; 2r, c 2 ) if r < k and E ∈ W t (2; 2r, c 2 ) if r ≥ k. Moreover, the Brill-Noether number ρ t (2, 2r, c 2 ) < dim M P 2 (2, 2r, c 2 ; 2k) for c 2 >> 0.
(2) Let E ∈ M P 2 (2; 2r − 1, c 2 ; −1 + 2k). Then E / ∈ W 1 (2; 2r − 1, c 2 ) if r < k and E ∈ W t (2; 2r − 1, c 2 ) if r ≥ k. Moreover, the Brill-Noether number ρ t (2, 2r − 1, c 2 ) < dim M P 2 (2, 2r, c 2 ; 2k − 1) for c 2 >> 0.
Proof.
(1) Since E ∈ M P 2 (2; 2r, c 2 ; 2k), it follows that E(−r) ∈ M P 2 (2; 0, c 2 − r 2 ; 2k) because S(E(−r)) = S(E). By Theorem 3.1 there exists an extension
In consequence, E / ∈ W 1 (2; 2r, c 2 ) if r < k and
The Brill-Noether number is given by
Therefore, for c 2 >> 0 we have:
(2) The proof proceeds analogously to the proof of (1).
Suppose that c 1 > 0 and the Euler-Poincaré characteristic χ = 0, i.e. c 2 = 2 + . It is known that the moduli space M P 2 (2; c 1 , c 2 ) satisfies Weak Brill-Noether, that is, there exist E ∈ M P 2 (2; c 1 , c 2 ) such that h i (E) = 0 for any i (see [10] , Theorem 18.1.1). Note that, by semicontinuity, if E is any sheaf with no cohomology then the cohomology also vanishes for any general sheaf in M P 2 (2; c 1 , c 2 ) (cf. [7] , [4] ). Using the Segre Invariant, we can give a different proof that M P 2 (2; c 1 , c 2 ) satisfies Weak Brill-Noether. The advantage in using Segre's invariant lies in the fact that the open set satisfying Weak Brill-Noether can be explicitly described as the open stratum of M P 2 (2; c 1 , c 2 ). . Then moduli space M P 2 (2, c 1 , c 2 ) satisfies Weak-Brill Noether.
Proof. Since χ = 0 and c 1 > 0, it follows that h 2 (E) = 0 for any stable vector bundle with c 1 (E) = c 1 . Assume that c 1 = 2r (resp. c 1 = 2r − 1) with r ∈ N. Since the Euler-Poincaré characteristic χ = 0, it follows that c 2 = 2r 2 + 3r + 2 (resp. c 2 = 2r 2 + r + 1). Set k = r + 1, note that k is the largest integer such that r 2 + k 2 + k ≤ c 2 (resp. k 2 + r 2 − r ≤ c 2 ), then by Corollary 4.3 we have that the stratum M P 2 (2; 2r, c 2 ; 2k) (resp. M P 2 (2; 2r − 1, c 2 ; 2k − 1)) is open and by Theorem 5.2 h 0 (E) = 0 for any E ∈ M P 2 (2; 2r, c 2 ; 2k) (resp. E ∈ M P 2 (2; 2r − 1, c 2 ; 2k − 1)). For larger values of t further information can be obtained. For this we use the existence of special configurations of points:
Theorem 5.5.
(1) Let r, c 2 , k be integer numbers satisfying r 2 + 2 ≤ c 2 and k < r. Then, a vector bundle E ∈ M P 2 (2; 2r, c 2 , 2k) exists such that h 0 (E) ≥ (r − k) 2 + 4(r − k) + 3.
(2) Let r, c 2 be integer numbers satisfying r 2 − r + 1 ≤ c 2 . Then, a vector bundle
Proof. 
exists, then the map:
Therefore an extension:
exists with E ∈ M P 2 (2, 0, c 2 − r 2 ). Since Z − p ⊂ C we see that any curve of degree r − k − 1 passing through p gives rise to an element of H 0 (O P 2 (r + k) ⊗ I Z ). Thus,
In this way we obtain that E(r) ∈ M P 2 (2, 2r, c 2 ) and from the exact sequence (5.3):
as desired. (2) The proof for the case k = 1 follows analogously to the proof of (1). Taking C ⊂ P 2 be an irreducible curve of degree 2k − 2 and Z ⊂ P 2 be distinct points with length l(Z) = c 2 + k 2 − k − r 2 + r such that Z − {p} is contained in C but Z is not contained in C. Note that the pair (O P 2 (2k − 4), Z) satisfies the Cayley-Bacharach property and
From the exact sequence
we have:
We now proceed to prove the case k = 1. Let L ⊂ P 2 be a line and let Z ⊂ P 2 be distinct points with length l(Z) = c 2 − r 2 + r such that Z − {p} is contained in L but Z is not contained in L. Note that the pair (O P 2 (−2), Z) satisfies the Cayley-Bacharach property, thus, there exists an extension
and E(r) is a stable vector bundle with c 1 (E(r)) = 2r − 1 and c 2 (E(r)) = c 2 . From the exact sequence (5.3) we get
and taking cohomology we have
Once that Theorem 5.5 has established the non-emptiness of some Brill-Noether loci it is natural to search for a lower bound for its dimensions.
Theorem 5.6.
(1) Let r, k, c 2 ∈ N such that r ≥ 2, 3k 2 − 4k + r 2 + 2 < c 2 and k < r. Let t = (r − k) 2 + 4(r − k) + 3. Then,
(2) Let r, k, c 2 ∈ N such that r ≥ 2 and 3k 2 − 7k + r 2 − r + 5 < c 2 and k < r.
Then,
Proof. We only prove (1), the proof of (2) follows by similar arguments.
Let l = k 2 + c 2 − r 2 and let Hilbl(P 2 ) be the Hilbert scheme of zero-dimensional subschemes of lengthl = l − 1. Let I ⊂ PH 0 (O P 2 (2k − 1)) be the subset of irreducible curves of degree 2k − 1 and consider the variety:
I := {(p,Z, C) ∈ P 2 × Hilbl(P 2 ) × I : p / ∈ C ,Z ⊂ C}.
For every C ∈ I its fiber p −1 3 (C) under the projection onto the third factor is the irreducible variety (P 2 − C) × SlC, which have the same dimension for every C. Let I 0 ⊂ I be an irreducible component such that p 3 : I 0 → I is dominant and dim I 0 = dim I = k(2k + 1) + l.
Let p 12 : I 0 → P 2 × Hilbl(P 2 ) be the projection onto the first two factors. Because of the choice of l and c 2 , we have thatl > (2k − 1) 2 . Thus p 12 is injective and therefore it is a birational morphism. In this way, an open set U ⊂ p 12 (I 0 ) exists such that dim I 0 = dim U. Note that, by the proof of Theorem 5.5 the set f t (U) is contained in the locus of Brill-Noether W t (2; 2r, c 2 ) where t = (r − k) 2 + 4(r − k) + 3. Moreover, f t (U) ⊆ f t (U) ⊆ W t (2; 2r, c 2 ).
We proceed now to determine the dimension of Imf t (U) and a lower bound of the locus W t (2; 2r, c 2 ),
From the above and the proof of Theorem 4.1 we conclude that dim Imf t (U) ≥ c 2 + k 2 − r 2 + 4k − 2, if c 2 > k 2 + r 2 + 3k + 1 2c 2 + k − 2r 2 − 3, if c 2 ≤ k 2 + 3k + r 2 + 1.
as claimed.
